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i, Al questions carry Equal marks.

A Detinea normed linear space. Show that in a normed linear space following hold.

. Normuis continuous.
. Addition and scalar multiplication is jointly continuous.

b. It Misa closed linear subspace of a norired linear space N, then prove that N/m is a
normed linear space. Further, 1N is a Banach space, then show that N/m is also Banach
space. (6+8)

a.  Prove that the linear space B(N,N') of all continuous linear transformations of N

|

show that B(N,N") is complete where N’ is complete.

into " is a Normed linear space, where ||7]| = Sup {|7x|:||x| <1}, vT e BN, N") further

b.  Show that there is an isometric isomorphism of a normed linear space into its second
dual. (8+6)

a. IfNis a normed linear space and x, € N with x, # 0, then show that there exists
fo € N* suchthat f,(x,) =|x and | £;]| =1.
b.  State the open mapping theorem prove the closed graph theorem. (6+8)

a.  State and prove uniform boundedness theorem.

b.  Show that the mapping 77— 7% is an isometric isomorphism of B(N) into B(N*)
which reverse the product and preserves the identity transformation, where T is an
operator on N and T* an operator on N*. (7+7)
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5. a  Define a Hilbert space and show that every inner product space is a normed linear

space.
b.  Show that a closed convex subset C of a Hilbert space H contains a unique vector of
smallest norm. (7+7)

6. a  Define orthonormal complement of a set S ina Hilbert space H. Prove the following:
i.  SNS*t<{o0}.
ii. §<S,=8"<S".
iii. g+ isaclosed sub space of H.
iv.  ScSth.

b. If{e.e,,....c,} isafinite orthonormal set ina Hilbert space H and x e H ,then prove

that
i Yleme S <
i=1
ii. x—z<x,ei >e,._Lej\7’j' ' (8+6)

i=1

7 a  Define the conjugate space H* of a Hilbert space H. For every functional f on H,
prove that thereis a unique y € H suchthat f(x)=<x,y>VxeH .

b.  Define self - adjoint operators on H, prove that the set of all self - adjoint operators in
B(H) form a closed real linear space of H and contain I.

c. IfN, andN,are normal operators on H with the property that either commutes with
the adjomt of the other then prove that N +N, and N,N, are normal. (6+4+4)

8. a  Defineunitary operator on H. Prove that T is unitary iff it is an isometric isomorphism
of H onto itself.

b.  State and prove spectral theorem. (6+8)
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