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Instructions to Candidates:

1. Answer any five (5) full questions.
/1. All questions carry equal marks. |

1. a  Define an algebra. Show that the set of all homomorphisms from V onto itself forms
an algebra.

b.  Define a minimal polynomial. If V is a finite dimensional vector space over F, then
prove that 7' € 4,.(V) is invertible if and only if the minimal polynomial of T is non -

ZEero.

c.  Define the rank of 7 € 4, (V). If V is finite dimensional over F, and for S, T € 4, (V)
show that

i (ST
i.  r(TS)<r(S).
iii. r(TS)=r(ST)=r(T), for Sregular inA (V). (4+4+6)

2. a If2,4,,.... , A, in F are distinct characteristic roots of a linear transformation

b.  LetV be the vector space of polynomials of degree 3 or less over F. In V define T by
differential operator. Compute the matrix of T in the following bases.

i. {l,.\', .\'2,.\'3} . Let this matrix be A.

[PT.0.]
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ii. {x“,xz,x, 1} . Let this matrix be B.

iii.  Find a matrix C such that B=CAC"".
' : if for some nop -
C.  Theelement j ¢ F is a characteristic root of 7 € A (V) ifand only (5+6(:-I;
zero vector y ¢ 7 then prove that 73 = Jv. )

3. a Let UV, and W be finite dimensional vector space over F. L-edt T(li)lt;aa lllll;eBar
transformation from U to V and S be from V to W with respect to ordered bases BB,

andB,.If 4= [aij] . B= [ ﬂ,-,-] aifid C= [yij] are matrices of T, S and TS respectively in
the bases BB B,B.and BB, respectively. Then prove the C=BA.

172
b. Define the change of coordinate matrix. Let B = {b,,b,}, C = {c,;c,}, be two bases

with b =4¢, +¢, ; b, =—6¢, +c,. Suppose x =35, +b,. Then final [x]_.

¢ Define a linear functional and dual basis. Let V be finite dimensional over F. Prove
that there exists a unique dual basis for every basis of V. (5+4+5)

4. a  Stateand prove Cayley - Hamilton theorem.
b.  Define a nilpotent transformation. If 7 e A4r(V) 1is nilpotent then prove that
%+l +....+a,T" is invertible if a, 0, where 2 F.
c.  Prove thatanilpotent linear transformation has urigue set of invariants. (5+5+4)

5. a Define a basic Jordan block. Prove that two linear transformations are similar if and
- only if they can be brought to the same Jordan canonical form.

b. Let T'eA.(V) has a minimal polynomial p(x) = Yo+ VX +y,x% ... +y X

over F. Suppose that V is a module in a cyclic module relative to T. Then prove that
there exists a basis of V over F such that the matrix of T in this basis of the form

[0 1 O, 0

0 0 T, 0

...................... . (7+7)
0 0 O..... 1

Vo3~ V15—V eereneens ~7ra
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6.

b.

b.

LetV be an inner product space over X, Then forall x, y eV, prove the following
[l o]
S+

Define an orthogonal and orthonormal set, Explain Gram - Schmidt method. Apply it

1.

P
<X, P>

ii. “\l\’

(o find an orthonormal basis from {[l -4 0 1][7 -4 -4 ']T}-

State and prove the Bessel’s inequality. (4+6+4)

Orthogonally diagonalize the matrix

3 =2 4
A=|=2 6 2
4 2 3

Define the following quadratic forms with example for each.
i.  Positive definite.

ii.  Positive semidefinite.

iii.  Negative definite.

iv.  Negative semidefiniie.

Find the nature of the quadratic form

QF (x) = =3x; +4x; ~11x,x, +5x,%, -+ 8x,x, - 16x7 .

3 2 1
A=|2 3 o . - x> : T
Let : . Find the maximum value of quadratic form subject to x".x =1 and
11 4
find the unit vector at which this value is attained. (6+4+4)

Define rank and signature of a real quadratic form. Show that two real symmetric
matrices are congruent if and only if they have the same rank and signature,

Define bilinear and symmetric bilinear forms with example cach. Let B be an bilinear
form on a finite dimensional vector space V and let B be an ordered basis for V. Then

show tlmlgp is symmetric of and only if yw,(B) is symmetric. 7+
b OF @R,
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