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Complex Number 

A number of the form 𝑎 +  𝑖𝑏, where 𝑎 and 𝑏 are real numbers, is called a complex 

number, 𝑎 is called the real part and 𝑏 is called the imaginary part of the complex 

number. 

Equality of complex numbers𝑎 + 𝑖𝑏 = 𝑐 + 𝑖𝑑 ⟺ 𝑎 = 𝑐 𝑎𝑛𝑑 𝑏 = 𝑑 

Addition of complex numbers (𝑎 + 𝑖𝑏) + (𝑐 + 𝑖𝑑) = (𝑎 + 𝑐) + 𝑖 (𝑏 + 𝑑) 

Subtraction of complex numbers (𝑎 + 𝑖𝑏) − (𝑐 + 𝑖𝑑) = (𝑎 − 𝑐) + 𝑖 (𝑏 − 𝑑) 

Multiplication of complex numbers (𝑎 + 𝑖𝑏). (𝑐 + 𝑖𝑑) = (𝑎𝑐 –  𝑏𝑑)  +  𝑖 (𝑎𝑑 +  𝑏𝑐) 

Division of complex numbers  
𝑎+𝑖𝑏

𝑐+𝑖𝑑
=

𝑎+𝑖𝑏

𝑐+𝑖𝑑
.
𝑐−𝑖𝑑

𝑐−𝑖𝑑
=

𝑎𝑐+𝑏𝑑

𝑐2+𝑑2
+ 𝑖

𝑏𝑐−𝑎𝑑

𝑐2+𝑑2
 

Polar form of complex numbers 𝑎 + 𝑖𝑏 = 𝑟(𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃) 

For any non-zero complex number 𝑧 =  𝑎 +  𝑖𝑏 (𝑎 ≠  0, 𝑏 ≠  0), there exists 

thecomplex number 
𝑎

𝑎2+𝑏2
+ 𝑖

−𝑏

𝑎2+𝑏2
, denoted by

1

𝑧
 or 𝑧−1called multiplicative inverse 

of z such that(𝑎 + 𝑖𝑏)
𝑎

𝑎2+𝑏2
+ 𝑖

−𝑏

𝑎2+𝑏2
= 1 + 𝑖0 = 1 

For any integer 𝑘,𝑖4𝑘 =  1, 𝑖4𝑘+1 =  𝑖, 𝑖4𝑘+2  = –  1, 𝑖4𝑘+3  = –  𝑖. 

The conjugate of the complex number 𝑧 = 𝑎 + 𝑖𝑏, denoted by 𝑧̅, is given by 

 𝑧̅ =  𝑎 –  𝑖𝑏. 
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The plane having a complex number assigned to each of its point is called the 

complex plane or the Argand plane. 

The Argand plane, the  |𝑥 +  𝑖𝑦|  =  √𝑥2 + 𝑦2. 

nth Derivatives of Standard Functions: 

𝐷𝑛[(𝑎𝑥 + 𝑏)𝑚] = 𝑚(𝑚 − 1)(𝑚 − 2)… (𝑚 − 𝑛 + 1)(𝑎𝑥 + 𝑏)𝑚−𝑛. 𝑎𝑛. 

𝐷𝑛[(𝑎𝑥 + 𝑏)𝑛] = 𝑛! 𝑎𝑛 

𝐷𝑛[𝑥𝑛] = 𝑛! 

𝐷𝑛 [
1

𝑎𝑥 + 𝑏
] =

(−1)𝑛𝑛! 𝑎𝑛

(𝑎𝑥 + 𝑏)𝑛+1
 

𝐷𝑛[log (𝑎𝑥 + 𝑏)] =
(−1)𝑛−1(𝑛 − 1)! 𝑎𝑛

(𝑎𝑥 + 𝑏)𝑛
 

𝐷𝑛[𝑎𝑚𝑥] = 𝑎𝑚𝑥(𝑚𝑙𝑜𝑔𝑎)𝑛 

𝐷𝑛[𝑒𝑎𝑥] = 𝑎𝑛𝑒𝑎𝑥 

𝐷𝑛[sin (𝑎𝑥 + 𝑏)] = 𝑎𝑛𝑠𝑖𝑛(𝑎𝑥 + 𝑏 +
𝑛𝜋

2
) 

𝐷𝑛[cos (𝑎𝑥 + 𝑏)] = 𝑎𝑛𝑐𝑜𝑠(𝑎𝑥 + 𝑏 +
𝑛𝜋

2
) 
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𝐷𝑛[𝑒𝑎𝑥sin (𝑎𝑥 + 𝑏)] = (𝑎2 + 𝑏2)𝑛/2𝑒𝑎𝑥𝑠𝑖𝑛 (𝑏𝑥 + 𝑐 + 𝑛𝑡𝑎𝑛−1 (
𝑏

𝑎
)) 

𝐷𝑛[𝑒𝑎𝑥cos (𝑎𝑥 + 𝑏)] = (𝑎2 + 𝑏2)𝑛/2𝑒𝑎𝑥𝑐𝑜𝑠 (𝑏𝑥 + 𝑐 + 𝑛𝑡𝑎𝑛−1 (
𝑏

𝑎
)) 

Polar Coordinates and Polar Curves: 

Angle between Polar vector and Tangent 

𝑡𝑎𝑛∅ = 𝑟
𝑑𝜃

𝑑𝑟
 or 𝑐𝑜𝑡∅ =

1

𝑟

𝑑𝑟

𝑑𝜃
 

Angle of Intersection of the Curves 

|∅1 − ∅2| = 𝑡𝑎𝑛
−1 {|

𝑡𝑎𝑛∅1 − 𝑡𝑎𝑛∅2
1 + 𝑡𝑎𝑛∅1. 𝑡𝑎𝑛∅2

|} 

Orthogonal Condition 

|∅1 − ∅2| =
𝜋

2
 or 𝑡𝑎𝑛∅1. 𝑡𝑎𝑛∅2 = −1 

Series Expansion: 

Taylor’s Series expansion about the point 𝑥 = 𝑎 

𝑦(𝑥) = 𝑦(𝑎) +
(𝑥−𝑎)1

1!
𝑦′(𝑎) +

(𝑥−𝑎)2

2!
𝑦′′(𝑎) +

(𝑥−𝑎)3

3!
𝑦′′′(𝑎) + ⋯. 
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Maclaurian’s Series expansion about the point 𝑥 = 0 

𝑦(𝑥) = 𝑦(0) +
𝑥1

1!
𝑦′(0) +

𝑥2

2!
𝑦′′(0) +

𝑥3

3!
𝑦′′′(0) +

𝑥4

4!
𝑦′′′′(0) + ⋯. 

Euler’s theorem on Homogeneous Function and Corollary 

𝑥
𝜕𝑢

𝜕𝑥
+ 𝑦

𝜕𝑢

𝜕𝑦
= 𝑛𝑢        

𝑥
𝜕𝑢

𝜕𝑥
+ 𝑦

𝜕𝑢

𝜕𝑦
= 𝑛

𝑓(𝑢)

𝑓′(𝑢)
       

𝑥2
𝜕2𝑢

𝜕𝑥2
+ 2𝑥𝑦𝑦2

𝜕2𝑢

𝜕𝑥𝜕𝑦
+ 𝑦2

𝜕2𝑢

𝜕𝑦2
= 𝑛(𝑛 − 1)𝑢   

Composite Function 

If 𝑧 = 𝑓(𝑥, 𝑦) and 𝑥 = ∅(𝑡), 𝑦 = 𝜓(𝑡) then 
𝑑𝑧

𝑑𝑡
=

𝜕𝑧

𝜕𝑥

𝑑𝑥

𝑑𝑡
+

𝜕𝑧

𝜕𝑦

𝑑𝑦

𝑑𝑡
 

If 𝑧 = 𝑓(𝑥, 𝑦) and 𝑥 = ∅(𝑢, 𝑣), 𝑦 = 𝜓(𝑢, 𝑣)then  

𝜕𝑧

𝜕𝑢
=

𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑢
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑢
 and 

𝜕𝑧

𝜕𝑣
=

𝜕𝑧

𝜕𝑥

𝜕𝑥

𝜕𝑣
+

𝜕𝑧

𝜕𝑦

𝜕𝑦

𝜕𝑣
 

If 𝑢 = 𝑓(𝑟, 𝑠, 𝑡) and 𝑟 = 𝑔(𝑥, 𝑦, 𝑧), 𝑠 = ℎ(𝑥, 𝑦, 𝑧), 𝑡 = 𝑖(𝑥, 𝑦, 𝑧) then  

𝜕𝑢

𝜕𝑥
=

𝜕𝑢

𝜕𝑟

𝜕𝑟

𝜕𝑥
+
𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑥
+
𝜕𝑢

𝜕𝑡

𝜕𝑡

𝜕𝑥
,  

𝜕𝑢

𝜕𝑦
=

𝜕𝑢

𝜕𝑟

𝜕𝑟

𝜕𝑦
+
𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑦
+
𝜕𝑢

𝜕𝑡

𝜕𝑡

𝜕𝑦
,               

𝜕𝑢

𝜕𝑧
=

𝜕𝑢

𝜕𝑟

𝜕𝑟

𝜕𝑧
+
𝜕𝑢

𝜕𝑠

𝜕𝑠

𝜕𝑧
+
𝜕𝑢

𝜕𝑡

𝜕𝑡

𝜕𝑧
. 
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Jacobians    𝐽 =
𝜕(𝑢,𝑣)

𝜕(𝑥,𝑦)
= |

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦

| and 
𝜕(𝑢,𝑣,𝑤)

𝜕(𝑥,𝑦,𝑧)
=
|
|

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑢

𝜕𝑧

𝜕𝑣

𝜕𝑥

𝜕𝑣

𝜕𝑦

𝜕𝑣

𝜕𝑧

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦

𝜕𝑤

𝜕𝑧

|
|
 

Reduction Formulae 

∫ 𝑐𝑜𝑠𝑛𝑥𝑑𝑥

𝜋

2

0

= ∫ 𝑠𝑖𝑛𝑛𝑥𝑑𝑥

𝜋

2

0

=

{
 
 

 
 (𝑛 − 1)(𝑛 − 3)(𝑛 − 5)… 1

𝑛(𝑛 − 2)(𝑛 − 4)… 2

𝜋

2
when n is even

(𝑛 − 1)(𝑛 − 3)(𝑛 − 5)…3

𝑛(𝑛 − 2)(𝑛 − 4) …1
 1 when n is odd

 

∫ 𝑠𝑖𝑛𝑚𝑥𝑐𝑜𝑠𝑛𝑥𝑑𝑥

𝜋

2

0

=

{
 
 

 
 (𝑚 − 1)(𝑚 − 3)… (𝑛 − 1)(𝑛 − 3)…

(𝑚 + 𝑛)(𝑚 + 𝑛 − 2)(𝑚 + 𝑛 − 4)… 2

𝜋

2
when m & 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

(𝑚 − 1)(𝑚 − 3)… (𝑛 − 1)(𝑛 − 3)…

(𝑚 + 𝑛)(𝑚 + 𝑛 − 2)(𝑚 + 𝑛 − 4)…
otherwise

 

Multiple Integrals 

Area 𝐴 = ∬ 𝑑𝑥𝑑𝑦
𝐴

- Cartesian form 

Area 𝐴 = ∬ 𝑟𝑑𝑟𝑑𝜃
𝐴

 - Polar form 

Volume 𝑉 =∭ 𝑑𝑥𝑑𝑦𝑑𝑧
𝐴

- Cartesian form 

Volume𝑉 = ∬ 𝑧𝑑𝑥𝑑𝑦
𝐴

 – by double integral 

Gamma Function: Γ(𝑛) = ∫ 𝑒−𝑥𝑥𝑛−1𝑑𝑥
∞

0
= 2∫ 𝑒−𝑡

2
𝑡2𝑛−1𝑑𝑡

∞

0
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Beta Function: β(𝑚, 𝑛) = ∫ 𝑥𝑛−1(1 − 𝑥)𝑚−1𝑑𝑥
1

0
= 2∫ 𝑠𝑖𝑛2𝑛−1𝜃 𝑐𝑜𝑠2𝑚−1𝜃 𝑑𝜃

𝜋

2
0

 

Beta and Gamma relation β(𝑚, 𝑛) =
Γ(𝑚) Γ(𝑛)

Γ(𝑚+𝑛)
 and Γ(1/2) = √𝜋. 

Vector Calculus 

Position Vector 𝑟 = 𝑥𝑖̂ + 𝑦𝑗̂ + 𝑧𝑘̂ 

Magnitude |𝑟| = √𝑥2 + 𝑦2 + 𝑧2 

Dot Product of unit vectors      𝑖.̂ 𝑖̂ + 𝑗̂. 𝑗̂ + 𝑘̂. 𝑘̂ = 1 and 𝑖.̂ 𝑗̂ + 𝑗̂. 𝑘̂ + 𝑘̂. 𝑖̂ = 0 

Cross Product of unit vectors     𝑖̂ × 𝑖̂ = 𝑗̂ × 𝑗̂ = 𝑘̂ × 𝑘̂ = 0 and 𝑖̂ × 𝑗̂ = 𝑘̂, 𝑗̂ × 𝑘̂ = 𝑖̂, 

𝑘̂ × 𝑖̂ = 𝑗̂. 

Angle between two vectors   𝑐𝑜𝑠𝜃 =
𝐴⃗.𝐵⃗⃗

|𝐴⃗||𝐵⃗⃗|
;     𝑠𝑖𝑛𝜃 =

|𝐴⃗ × 𝐵⃗⃗|

|𝐴⃗||𝐵⃗⃗|
 

Unit vector   𝐴̂ =
𝐴⃗

|𝐴⃗|
 

Velocity 𝑉⃗⃗ =
𝑑𝑠

𝑑𝑡
 

Acceleration 𝑎⃗ =
𝑑2𝑠

𝑑𝑡2
 

For any vectors  𝐴 = (𝑎1𝑖̂ + 𝑏1𝑗̂ + 𝑐1𝑘̂), 𝐵⃗⃗ = (𝑎2𝑖̂ + 𝑏2𝑗̂ + 𝑐2𝑘̂)  &   

𝐶 = (𝑎3𝑖̂ + 𝑏3𝑗̂ + 𝑐3𝑘̂) 
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Dot product of two vectors 𝐴. 𝐵⃗⃗ = 𝑎1𝑎2 + 𝑏1𝑏2 + 𝑐1𝑐2 

Cross product of two vectors 𝐴 × 𝐵⃗⃗ = |
𝑖̂ 𝑗̂ 𝑘̂
𝑎1 𝑎2 𝑎3
𝑏1 𝑏2 𝑏3

| 

Scalar triple product 𝐴. (𝐵⃗⃗ × 𝐶) = |

𝑎1 𝑎2 𝑎3
𝑏1 𝑏2 𝑏3
𝑐1 𝑐2 𝑐3

| 

Vector Calculus 

Velocity 𝑣⃗(𝑡) =
𝑑𝑟

𝑑𝑡
 

Acceleration 𝑎⃗(𝑡) =
𝑑𝑣⃗⃗

𝑑𝑡
=

𝑑2𝑟

𝑑𝑡2
 

The unit tangent vector 𝑇̂ =

𝑑𝑟

𝑑𝑡

|
𝑑𝑟

𝑑𝑡
|

⁄  

Angle between the tangents 𝑐𝑜𝑠𝜃 =
𝑇1⃗⃗⃗⃗⃗.𝑇2⃗⃗⃗⃗⃗

|𝑇1⃗⃗⃗⃗⃗||𝑇2⃗⃗⃗⃗⃗|
 

Component of velocity 𝐶. 𝑉 = 𝑣⃗. 𝑛̂, where 𝑛̂ is the unit vector 

Component of accelerations 𝐶. 𝐴 = 𝑎⃗. 𝑛̂ 

Tangent component of acceleration 𝑇. 𝐶. 𝐴 = 𝑎⃗. 𝑣⃗
|𝑣⃗|⁄  

Normal Component of acceleration: 
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𝑁.𝐶. 𝐴 = |𝑎⃗ − (𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡) × (𝑣⃗ |𝑣⃗|⁄ )| 

Gradient of ∅: 𝑔𝑟𝑎𝑑∅ = ∇∅ =
𝜕∅

𝜕𝑥
𝑖̂ +

𝜕∅

𝜕𝑦
𝑗̂ +

𝜕∅

𝜕𝑧
𝑘̂ 

Unit vector normal to the surface: 𝑛̂ =
∇∅

|∇∅|
 

Directional derivative along vector 𝑛 ⃗⃗⃗ ⃗ 𝑖𝑠   𝐷. 𝐷 = ∇∅. 𝑛̂ 

Angle between the surfaces 𝑐𝑜𝑠𝜃 =
∇∅1.∇∅2

|∇∅1||∇∅2|
 

Divergence of vector field 𝐹⃗ = 𝑓1𝑖 + 𝑓2𝑗 + 𝑓3𝑘 

𝑑𝑖𝑣 𝐹⃗⃗⃗⃗ = ∇. 𝐹⃗ =
𝜕𝑓1
𝜕𝑥

+
𝜕𝑓2
𝜕𝑦

+
𝜕𝑓3
𝜕𝑧

 

Curl of vector field 𝐹⃗:  𝑐𝑢𝑟𝑙 𝐹⃗ = ∇ × 𝐹⃗ = |

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑓1 𝑓2 𝑓3

| 

Solenoidal vector field: 𝑑𝑖𝑣𝐹⃗ = ∇. 𝐹⃗ = 0 

Irrotational vector field: 𝑐𝑢𝑟𝑙𝐹⃗ = ∇ × 𝐹⃗ = 0 

 

List of vector identities  
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𝑐𝑢𝑟𝑙(𝑔𝑟𝑎𝑑∅) = ∇ × ∇∅ = 0 

𝑑𝑖𝑣(𝑐𝑢𝑟𝑙𝐹⃗) = ∇. (∇ × 𝐹⃗) = 0 

𝑑𝑖𝑣(∅𝐹⃗) = ∅(𝑑𝑖𝑣𝐹⃗) + 𝑔𝑟𝑎𝑑∅. 𝐹⃗ 

𝑐𝑢𝑟𝑙(∅𝐹⃗) = ∅(𝑐𝑢𝑟𝑙𝐹⃗) + 𝑔𝑟𝑎𝑑∅ × 𝐹⃗ 

Linear Algebra 

Inverse of square matrix 𝐴: 𝐴−1 =
(𝑎𝑑𝑗𝐴)

|𝐴|
 

Rank of a matrix 𝐴: The number of non-zero rows in the echelon form of 𝐴 is equal to 

rank of 𝐴. 

Normal form of a matrix: [
𝐼𝑟 0
0 0

] 

Gauss Elimination method 

The system is reduced to upper triangular system from which the unknowns are found 

by back substitutions. 

Eigenvalues 

Roots of the characteristic equation |𝐴 − 𝜆𝐼| = 0. 

Eigen Vectors 
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Non-zero solution 𝑥 = 𝑥𝑖 of |𝐴 − 𝜆𝐼|𝑥 = 0. 

Diagonal form 

𝐷 = 𝑃−1𝐴𝑃 = [

𝜆1 0 0
0 𝜆2 0
0 0 𝜆3

] 

Nature, Rank and Index of Quadratic forms: 

 Positive-definite if all the Eigen values of 𝐴 are positive. 

 Positive-semi definite if all the Eigen values of 𝐴 are non-negative and at least 

one of the eigenvalues is zero. 

 Negative-definite if all the Eigen values of 𝐴 are negative. 

 Negative-semi definite if all the Eigen values of 𝐴 are negative and at least one 

of the Eigen values is zero. 

 Indefinite if the matrix 𝐴 has both positive and negative eigenvalues. 

 Rank the number of non-zero terms. 

 Index the number of positive terms. 

 Signature the number of positive terms minus the number of negative terms. 


